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The modified triplectic quantization is applied to several well-known gauge
models: the Freedman–Townsend model of non-abelian antisymmetric tensor
fields, W2−gravity, and 2D gravity with dynamical torsion. For these models
we obtain explicit solutions of those generating equations that determine the
quantum action and the gauge-fixing functional. Using these solutions, we con-
struct the vacuum functional, determine the Sp(2)-invariant effective actions
and obtain the corresponding transformations of extended BRST symmetry.
1. Introduction
In recent years the development of covariant quantization rules for general gauge theories
on the basis of extended BRST symmetry has become increasingly popular [1] – [13].
The realization of the principle of extended BRST symmetry, combining BRST [14]
and anti-BRST [15] transformations, naturally unifies the treatment of auxiliary variables
that serve to parametrize the gauge in the functional integral and those that enter the
quantum action determined by the corresponding generating equations. Basically, the
above tendency manifests itself in enlarging the configuration space of the quantum action
with auxiliary gauge-fixing variables (see, e.g., Refs. [1, 2, 3]). Recently, however, it has
been strengthened by extending the concept of generating equations to cover the case of
introducing the gauge [2, 6].
The method of Sp(2)-covariant quantization [1] was one of the first to provide a real-
ization of extended BRST symmetry for general gauge theories, i.e., theories of any stage
of reducibility with a closed or open algebra of gauge transformations. The complete con-
figuration space φA of a gauge theory, considered in this approach, is constructed by the
rules of the BV quantization [16] and consists of the initial classical fields supplemented
by the pyramids of auxiliary variables, i.e., ghosts, antighosts and Lagrange multipli-
ers, according to the corresponding stage of reducibility. Even though these auxiliary
variables originally [16] play different roles in the construction of the quantum theory,
their consideration within the Sp(2)-covariant formalism allows to achieve a remarkable
1E-mail: geyer@itp.uni-leipzig.de
2E-mail: lavrov@tspu.edu.ru
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uniformity of description. Namely, in the framework of the Sp(2)-covariant approach,
the pyramids of ghosts are combined with the corresponding pyramids of antighosts and
Lagrange multipliers into irreducible representations of the group Sp(2), which form com-
pletely symmetric Sp(2)-tensors and enter the quantum theory on equal footing in terms
of both the quantum action and the gauge fixing functional. The quantum action of the
Sp(2)-covariant formalism depends on an extended set of variables, including, besides the
fields φA, also the sets of antifields φ∗Aa and φ¯A. In the case of linear dependence of the
quantum action on φ∗Aa and φ¯A they may be interpreted as sources of extended BRST
transformations and sources of mixed BRST and anti-BRST transformations, respectively.
In [3], a consistent superfield formulation of the Sp(2)-covariant rules was proposed.
This approach allows to combine all the variables of the Sp(2)-covariant formalism,
namely, the fields and antifields (φA, φ∗Aa, φ¯A) that enter the quantum action, the aux-
iliary variables (πAa, λA) that serve to parametrize the gauge, and, finally, the sources
JA to the fields φ
A, into superfields ΦA(θ) = φA + πAaθa +
1
2
λAθaθ
a and superantifields
(supersources) Φ¯A(θ) = φ¯A − θ
aφ∗Aa −
1
2
θaθ
aJA, defined on a superspace with two scalar
Grassmann coordinates θa. The quantum action of this theory is defined as a functional
of superfields and superantifields, S(Φ, Φ¯), which makes it possible to realize the transfor-
mations of extended BRST symmetry in terms of supertranslations along the Grassmann
coordinates.
Moreover, in the recent paper [4] the superspace approach was extended by consid-
ering not only the (sub)group of translations but also the full group of conformal trans-
formations on the superspace with two Grassmann coordinates. The generators of this
conformal group span an algebra isomorphic to the superalgebra sl(1, 2). In this approach
it is possible to consider massive gauge theories by introducing mass-dependent BRST
and antiBRST operators that are related to translations coupled (with the factor m2) to
special conformal transformations. Furthermore, the transformations of Sp(2)-symmetry,
including the symmetries which underly the conservation of the ghost number and the
”new ghost number”, are realized as (symplectic) rotations and dilatations, respectively.
In the framework of the triplectic quantization [2], another modification of the Sp(2)
covariant approach was proposed, based on a different extension of the configuration space
of the quantum action. Namely, it was suggested to consider the auxiliary fields πAa as
variables anticanonically conjugated to the antifields φ¯A with the corresponding redefi-
nition of the extended antibrackets [1] which appear in the generating equations for the
quantum action. Another feature of the triplectic formalism is that the gauge-fixing part
of the action in the functional integral is determined by generating equations formally
similar to the equations that describe the quantum action. The entire set of variables
necessary for the construction of the vacuum functional in the triplectic formalism co-
incides with the corresponding set of the Sp(2)-covariant approach and is composed by
the fields (φA, φ∗Aa) and (π
Aa, φ¯A) anticanonically conjugated to each other in the sense
of modified antibrackets, as well as by the remaining auxiliary fields λA that serve to
parametrize the gauge-fixing functional.
In the recent paper [6], a modification of the triplectic formalism was proposed, whose
essential ingredients we will now briefly review.
While retaining the space of variables of the triplectic formalism and accepting the
idea of imposing generating equations on both the quantum action and the gauge-fixing
functional, the formalism [6] modifies the system of these equations, as well as the defini-
tion of the vacuum functional, in order to ensure the correct boundary condition for the
quantum action,
W |Φ∗=φ¯=h¯=0 = Scl,
which explicitly allows to take into account the information contained in the classical
action. It also implies that the classical action of a theory satisfies (in the limit h¯ → 0)
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the generating equations for the quantum action W = W (φ, φ∗, π, φ¯),
1
2
(W,W )a + V aW = ih¯∆aW, (1.1)
in complete analogy with earlier quantization schemes, and in contrast to the original
triplectic formalism [2]. The gauge-fixing functional X = X(φ, φ∗, π, φ¯;λ) of the modified
triplectic formalism satisfies similar generating equations,
1
2
(X,X)a − UaX = ih¯∆aX. (1.2)
The above generating equations are expressed in terms of the extended antibrackets
(F,G)a =
(
δF
δφA
δG
δφ∗Aa
+ εab
δF
δπAa
δG
δφ¯A
)
− (F ↔ G)(−1)(ε(F )+1)(ε(G)+1)
and the differential operators
∆a = (−1)εA
δl
δφA
δ
δφ∗Aa
+ (−1)εA+1εab
δl
δπAb
δ
δφ¯A
, (1.3)
V a = εabφ∗Ab
δ
δφ¯A
, Ua = (−1)εA+1πAa
δl
δφA
,
where the derivatives with respect to the antifields are taken from the left, and εab is
the antisymmetric tensor with the normalization ε12 = 1. The operators V a and Ua are
closely related to the differential operators which were introduced earlier in the framework
of the superfield formalism [3], and which have a clear geometrical meaning as generators
of supertranslations in superspace.
Given the quantum actionW and the gauge-fixing functionalX , the vacuum functional
Z ≡ Z(J = 0) in the framework of the modified triplectic quantization [6] is defined by
Z =
∫
dφ dφ∗dπ dφ¯ dλ exp
{
i
h¯
(W +X + S0)
}
, S0 = φ
∗
Aaπ
Aa. (1.4)
Let us note that choosing the gauge fixing functional, X = X(φ, π, φ¯;λ), in the form
X =
(
φ¯A −
δF
δφA
)
λA −
1
2
ǫabU
aU bF, F = F (φ), (1.5)
solves eqs. (1.2) (with ∆aX being identical zero). Then, the integrand in eq. (1.4) is
invariant under the following transformations (cf., Ref. [6])
δφAa = −
(
δW
δφ∗Aa
− πAa
)
µa,
δφ∗Aa = µa
(
δW
δφA
+
δ2F
δφAδφB
λB + (−1εA
1
2
πBb
δ3F
δφAδφBδφC
πCc
)
,
δπAa = εab
(
δW
δφ¯A
− λA
)
µb, (1.6)
δφ¯A = µaε
ab
(
δW
δπAb
+ φ∗Ab
)
+ µa
δ2F
δφAδφB
πBa,
δλA = 0.
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Here, µa is a doublet of constant anticommuting parameters. If, in addition, W =
W (φ, φ∗, φ¯) is assumed not to depend on πAa then, obviously, the master equations (1.1)
and the vacuum functional (1.4) are reduced to those of the Sp(2)-covariant formalism.
The aim of this paper is to apply the above prescriptions of the modified triplectic
formalism for quantizing several gauge models.
In Section 2, we consider the model of an antisymmetric tensor field suggested by
Freedman and Townsend [17]. The Freedman–Townsend (FT) model is an abelian gauge
theory of first stage reducibility. The corresponding complete configuration space is con-
structed by the rules of the Sp(2)-covariant formalism [1] for reducible gauge theories.
In the case of the FT model, the generating equations (1.1) that determine the quan-
tum action in the framework of the modified triplectic formalism can be solved exactly,
which allows one to obtain the exact form of the vacuum functional in terms of the effec-
tive Sp(2)-invariant action Seff as well as the corresponding transformations of extended
BRST symmetry.
In Sections 3 and 4, we consider the gauge model ofW2−gravity [18] and the theory of
two-dimensional gravity with dynamical torsion [19], respectively. Both these models are
examples of irreducible gauge theories with a closed algebra, and their configuration spaces
are constructed by the rules of the Sp(2)-covariant quantization for irreducible theories.
In order to obtain closed solutions of the above generating equations that determine the
quantum action in the case of these gauge models, one has to introduce some regularization
for ∆aW when it occurs to be proportional to δ(0). Unfortunately, the regularizations
which reduces all terms containing δ(0) to zero (see, e.g., [1]) cannot be used here since
both models under consideration are strictly two-dimensional and, therefore, it is not
possible to use dimensional regularization on which that procedure is based. Instead, one
could use Pauli-Villars regularization as has been proposed in Ref. [20] and applied in
Refs. [21] and [22] to the case of W2– and W3–gravity, respectively. As an intermediate
step we consider here only the tree approximation, i.e., we determine explicit solutions
of the classical master equations. With them we obtain a closed form of the vacuum
functional and the corresponding transformations of extended BRST symmetry as well as
the related effective action, Seff , which depends on the fields only.
2. Freedman–Townsend Model
In the first order formalism, the theory of a non-abelian antisymmetric fieldHpµν , suggested
by Freedman and Townsend [17], is described by the action 3
Scl(A
p
µ, H
p
µν) =
∫
d4x
(
−
1
4
εµνρσF pµνH
p
ρσ +
1
2
ApµA
pµ
)
, (2.1)
where Apµ is an (auxiliary) gauge field with the strength F
p
µν = ∂µA
p
ν − ∂νA
p
µ + f
pqrAqµA
r
ν
(the coupling constant is absorbed into the structure coefficients f pqr), and the Levi–
Civita tensor εµνρσ is normalized as ε0123 = 1. Eliminating the auxiliary field Apµ with
the help of the field equations leads to the more complicated action of the second order
formalism [17].
The action (2.1) is invariant under the gauge transformations
δApµ = 0, δH
p
µν = D
pq
µ ξ
q
ν −D
pq
ν ξ
q
µ ≡ R
pq
µναξ
qα, (2.2)
where ξpµ are arbitrary parameters, and D
pq
µ is the covariant derivative corresponding to
the gauge field Apµ (D
pq
µ = δ
pq∂µ + f
prqArµ).
3Contrary to the original notations [17], we denote the antisymmetric tensor field by H in order to
avoid confusion with the auxiliary fields to be introduced below.
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The gauge transformations (2.2) form an abelian algebra with the generators Rpqµνα.
These gauge transformations are not all independent, namely, for ξpν = D
qp
ν ξ
p they vanish
on-shell. Therefore, at the extremals of the action (2.1) the generators Rpqµνα have zero
modes Zpqµ ≡ D
pq
µ ,
Rpq1µν ≡ R
pr
µναZ
rqα = εµναβf
prq δScl
δHrαβ
, (2.3)
which, in their turn, are linearly independent. According to the generally accepted termi-
nology, the model (2.1), (2.2) and (2.3) is an abelian gauge theory of first stage reducibility.
Note that the gauge structure of the FT model [17] is similar to that of the Witten
string [23]. The FT model also has been proved to be a convenient conceptual laboratory
for the study of the S-matrix unitarity in the framework of covariant quantization [27].
There, it was shown that the application of the BV quantization rules to the model leads to
a physically unitary theory being equivalent to a non-linear σ-model in d = 4 dimensions
[17]. Note also that various aspects of the quantization of the FT model in the framework
of standard BRST symmetry have been discussed in Refs. [24, 28].
Now let us consider the reducible gauge model (2.1), (2.2) and (2.3) in the framework
of the modified triplectic quantization.
To this end, we first introduce the complete configuration space φA, which is con-
structed according to the standard prescriptions of the Sp(2)-covariant formalism [1] for
reducible gauge theories. Namely, the space of the variables φA consists of the initial
classical fields Apµ and Hpµν , supplemented, firstly, by Sp(2)-doublets of Faddeev–Popov
ghosts, Cpaµ , introduced according to the gauge parameters ξ
p
µ in eq. (2.2); secondly, by
additional sets of first-stage ghost fields, Cpab, being symmetric Sp(2) tensors, introduced
according to the gauge parameters ξp for the generators Rpq1µν in eq. (2.3); and, finally, by
sets of auxiliary fields (Lagrange multipliers) Bpµ, corresponding to the gauge parameters
ξpµ, and first-stage Sp(2)-doublets B
pa, corresponding to the parameters ξp.
The fields φA of the complete configuration space take values in the adjoint represen-
tation of a non-abelian gauge group:4
φA = (Aµ, Hµν ; Bµ, Ba; Cµa, Cab).
The Grassmann parities of the fields φA are given by
ε(Aµ) = ε(Hµν) = ε(Bµ) = ε(Cab) = 0, ε(Ba) = ε(Cµa) = 1.
In accordance with the quantization rules [6], the set of the fields φA is supplemented
by the corresponding sets of variables φ∗Aa, π
Aa and φ¯A,
φ∗Aa = (A
∗
µa, H
∗
µνa; B
∗
µa, B
∗
a|b; C
∗
µa|b, C
∗
a|bc),
πAa = (πµa(A), π
µνa
(H) ; π
µa
(B), π
a|b
(B); π
µa|b
(C) , π
a|bc
(C) ),
φ¯A = (A¯µ, H¯µν ; B¯µ, B¯a; C¯µa, C¯ab),
as well as by the auxiliary variables λA,
λA = (λµ(A), λ
µν
(H); λ
µ
(B), λ
a
(B); λ
µa
(C), λ
ab
(C)),
with the following Grassmann parities
ε(φ∗Aa) = ε(π
Aa) = ε(φA) + 1, ε(φ¯A) = ε(λ
A) = ε(φA). (2.4)
4 In the following the group index p = 1, . . . , N will be omitted
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The ghost number is assigned to the fields and auxiliary variables by the rule that
a = 1 and a = 2 bears ghost number +1 and –1, respectively, for upper indices, as well as
–1 and +1, respectively, for lower indices. The “external” index a on the variables φ∗Aa
and πAa is independent from the (symmetrized) “internal” ones and, therefore, separated
by a vertical stroke ′′|′′.
An explicit solution of the generating equations (1.1) for the model in question can be
found in a closed form as follows:
W =
∫
d4x
(
−
1
4
εµνρσFµνHρσ +
1
2
AµA
µ
)
+
∫
d4x
{
H∗µνa(D
µCνa −DνCµa)− εabC∗µa|bB
µ + H¯µν(D
µBν −DνBµ)
+C∗µa|bD
µCab − εabC∗a|bcB
c −
1
2
B∗µaD
µBa + C¯µaD
µBa
+
1
2
εµνρσ(H∗µνa ∧H
∗
ρσb)C
ab −
1
2
εµνρσ(H∗µνa ∧ H¯ρσ)B
a
}
, (2.5)
where, after having omitted the gauge indices, we use the notations ApBp = AB, DµB =
∂µB + Aµ ∧ B, (A ∧ B)
p = f pqrAqBr. It is easy to see that ∆aW ≡ 0 holds. This
action, after appropriate redefinitions of variables, coincides with the corresponding action
obtained in [29] (see eq. (31) therein). Note also that the antifields related to H appear
bilinear in that action.
A minimal admissible solution of the generating equation (1.2) for the gauge-fixing
functional X can be represented as
X =
∫
d4x
{
A¯µλ
µ
(A) + (H¯µν +
α
2
Hµν)λ
µν
(H) + B¯µλ
µ
(B) + B¯aλ
µ
(B) +
(
C¯µa − βεabC
b
µ
)
λµa(C)
+C¯abλ
ab
(C) +
α
4
πa(H)µνπ
µνb
(H) −
β
2
εabεcdπ(C)
a|c
µ π
µb|d
(C)
}
, (2.6)
with α and β being constant parameters. Here, let us remark that the functional F ,
eq. (1.5), has been chosen as F (Hµν, Cµa) = −
∫
d4x
(
1
4
αHµνH
µν + 1
2
βεabC
a
µC
bµ
)
.
Now, substituting the solutions of W , eq. (2.5), and X , eq. (2.6), into eq. (1.4), we
obtain the corresponding vacuum functional Z, with the integrand according to eq. (1.6)
being invariant under the following symmetry transformations:
δAα = παa(A)µa,
δHαβ = παβa(H)µa −
(
D[αCβ]a + εαβγδH∗γδb ∧ C
ab −
1
2
εαβγδH¯γδ ∧ B
a
)
µa,
δBα = παa(B)µa +
1
2
DαBaµa,
δBa = π
b|a
(B)µb,
δCαa = π
αb|a
(C) µb −
(
εabBα +DαCab
)
µb,
δCab = π
c|ab
(C)µc +
1
2
εc{aBb}µc,
δA∗αa = µa
(
Aα −
1
2
εαβγδD
βHγδ − 2H∗αβb ∧ C
βb − 2H¯αβ ∧ B
β
−C∗αb|c ∧ C
bc +
(1
2
B∗αb − C¯αb
)
∧Bb
)
,
6
δH∗αβa = −µa
(
1
4
εαβγδF
γδ +
α
2
λ(H)αβ
)
,
δB∗αa = µa
(
2DβH¯αβ − ε
bcC∗αb|c
)
,
δB∗a|b = µa
(
εcdC∗c|bd +
1
2
DαB∗αb −D
αC¯αb −
1
2
εαβγδH∗αβb ∧ H¯γδ
)
,
δC∗αa|b = µa
(
2DβH∗αβb + βεbcλ
c
(C)α
)
,
δC∗a|bc = µa
(
−
1
2
DαC∗α{b|c} +
1
2
εαβγδH∗αβb ∧H
∗
γδ|c
)
,
δπαa(A) = −ε
abλα(A)µb,
δπαβa(H) = −ε
abλαβ(H)µb + ε
ab
(
D[αBβ] +
1
2
εαβγδH∗δγc ∧B
c
)
µb,
δπαa(B) = −ε
abλα(B)µb,
δπ
a|b
(B) = −ε
acλb(B)µc,
δπ
αa|b
(C) = −ε
acλαb(C)µc + ε
acDαBbµc,
δπ
a|bc
(C) = −ε
adλbc(C)µd,
δA¯α = µaε
abA∗αb,
δH¯αβ = µa
(
εabH∗αβb −
α
2
πa(H)αβ
)
,
δB¯α = µaε
abB∗αb,
δB¯a = µcε
cbB∗b|a,
δC¯αa = µc
(
εcbC∗αb|a + βεabπ
c|b
(C)α
)
,
δC¯ab = µcε
cdC∗d|ab, (2.7)
where symmetrization and antisymmetrization is taken as A{ab} = Aab +Aba and A[αβ] =
Aαβ − Aβα, respectively. Eqs. (2.7) realize the transformations of extended BRST sym-
metry of the vacuum functional in terms of the anticanonically conjugated variables (φA,
φ∗Aa) and (π
Aa, φ¯A).
Integrating in eq. (1.4) over the variables φ∗Aa, π
Aa, φ¯A and λ
A, we represent the
vacuum functional Z as an integral over the fields φA of the complete configuration space,
Z =
∫
dφ∆exp
{
i
h¯
S
(0)
eff (φ)
}
, (2.8)
where
S
(0)
eff =
∫
d4x
(
−
1
4
εµνρσFµνHρσ +
1
2
AµA
µ
)
+
∫
d4x
{
α
4
GaµνM
−1
ab K
b[µν][ρσ]
c G
c
ρσ −
β
2
εabεcd
(
DµC
ac
)(
DµCbd
)}
+
∫
d4x
(
αBµDνH
νµ + β(εabB
aDµC
µb − BµB
µ)
)
, (2.9)
∆ =
∫
dH∗ exp
{
2i
αh¯
∫
d4xH∗0iaM
abH∗0jbη
ij
}
. (2.10)
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In eq. (2.9), we have used the following notations:
K
a[µν][ρσ]
b ≡
1
2
{δab (η
µρηνσ − ηµσηνρ) + αCab ε
µνρσ},
Gaµν ≡
(
DµC
a
ν −DνC
a
µ
)
−
α
4
εµνρσB
aHρσ. (2.11)
The matrix M−1ab in (2.10) is the inverse of M
ab,
Mab ≡ εab − α2Cac C
b
dε
cd, MacM−1cb = δ
a
b ; (2.12)
here the matrices Cab and B
a are defined by
CabE ≡ εbcC
ac ∧ E, BaE ≡ Ba ∧ E. (2.13)
The functional S
(0)
eff in eq. (2.9) is the tree approximation to the gauge-fixed quantum
action of the theory, while the functional ∆ in eq. (2.10) can be considered as a contri-
bution to the integration measure. (The proof of the above representation of the vacuum
functional (2.8) is given in the Appendix).
The integrand in eq. (2.8) is invariant under the following symmetry transformations:
δAµ = 0,
δHαβ = −εabM−1bc K
c[αβ][γδ]
d G
d
γδµa,
δBα =
1
2
DαBaµa,
δBa = 0,
δCαa = (DαCab − εabBα)µb,
δCab =
1
2
B{aεb}cµc. (2.14)
These transformations are the (anti)BRST transformations of the Sp(2) invariant action
S
(0)
eff which, together with the integration measure dφ∆ in eq. (2.8), is left invariant:
δ(dφ) = dφ δ4(0)
∫
d4xTrW,
δ∆ = −∆δ4(0)
∫
d4xTrW,
δ
(
exp
{
i
h¯
S
(0)
eff
})
= 0,
where the following notations have been used:
W = −3α2εab(M−1bc C
c
dB
d)µa , TrW ≡
N∑
p=1
Wpp.
Consequently, eqs. (2.14) realize the transformations of extended BRST symmetry for
the vacuum functional (2.8) in terms of the variables φA of the complete configuration
space. Remarkably, the (anti)BRST transformations of the classical field Hαβ essentially
depend on the gauge parameter α whereas all the others coincide – up to the π-terms –
with the transformations (2.7).5 The appearance of the parameter α can be traced back
to the non-linear dependence of the extended action S on the antifields H∗µνa.
5 To observe this fact, it is sufficient to make the replacements µa → −µa and B
µ → −Bµ.
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Note that, taking into account the action (2.9) and the contribution to the integration
measure (2.10), the vacuum functional (2.8) obtained for the Freedman–Townsend model
leads to the unitarity [25] of the physical S matrix (for discussions of the unitarity problem
in the case of this model, see also [24, 26, 27]).
For the first time, the covariant quantization of the Freedman–Townsend model in the
framework of extended BRST invariance has been performed by Barnich, Constantinescu
and Gregoire [29]. However, these authors used a more complicated, Sp(2)−noncovariant
method of gauge fixing which might have prevented them from explicitly solving their
expression with respect to the fields φA completely. Namely, they left the dependence of
the action from the antifields H∗αβ and H¯αβ which we were able to integrate out. Similar
results have been obtained in Ref. [30], where it has been shown that the elimination of
antifields leads to a nonlocal action in terms of the fields. The same conclusion could be
drawn from our result since the matrix M−1 is given as an infinite series only.
3. W2−gravity
The model of W2−gravity [18] is described by the action
Scl(ϕ, h) =
1
2π
∫
d2z
(
∂ϕ∂¯ϕ− h(∂ϕ)2
)
, (3.1)
where ϕ and h are bosonic classical fields, ε(ϕ) = ε(h) = 0, defined on a space with
complex coordinates, (z, z¯), so that ∂ = ∂/∂z , ∂¯ = ∂/∂z¯ .
The action (3.1) is invariant under the gauge transformations
δϕ = (∂ϕ)ξ,
δh = ∂¯ξ − h∂ξ + (∂h)ξ
(3.2)
with the gauge function ξ(z, z¯). These transformations form a closed algebra,
[δξ(1), δξ(2)] = δξ(1,2) ,
ξ(1,2) = (∂ξ(1))ξ(2) − (∂ξ(2))ξ(1).
(3.3)
Note that the quantum properties of W2−gravity, considered within the BV method
[16], have been discussed in [21, 31, 32], where also the one-loop anomaly has been cal-
culated. Recently, the quantization of that model has been performed in the triplectic
formalism [33], however, with another kind of gauge fixing being different from using the
gauge fixing functional X .
Now, we consider the gauge model (3.1), (3.2) and (3.3) in the framework of the
modified triplectic quantization. First, let us introduce the complete configuration space
φA, whose structure in the case of the model in question is determined by the rules of
the Sp(2) formalism for irreducible gauge theories. Thus, the space of the variables φA
is constructed by supplementing the initial space of the fields (ϕ, h) with the doublet
Ca, ε(Ca) = 1, of Faddeev–Popov ghosts, and the Lagrange multiplier B, ε(B) = 0,
corresponding to the gauge parameter ξ in eq. (3.2).
The fields φA of the complete configuration space,
φA = (ϕ, h; B, Ca),
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are supplemented by the sets of the variables φ∗Aa, π
Aa and φ¯A,
φ∗Aa = (ϕ
∗
a, h
∗
a; B
∗
a, C
∗
a|b),
πAa = (πa(ϕ), π
a
(h); π
a
(B), π
a|b
(C)),
φ¯A = (ϕ¯, h¯; B¯, C¯a),
as well as by the additional variables λA,
λA = (λ(ϕ), λ(h); λ(B), λ
a
(C)),
with the Grassmann parities given by eq. (2.4).
An action functional S of the gauge model (3.1), (3.2) and (3.3) satisfying the gen-
erating equations (1.1) in tree approximation, i.e., when ignoring their r.h.s., is given as
follows:
S =
1
2π
∫
d2z
(
∂ϕ ∂¯ϕ− h(∂ϕ)2
)
+
∫
d2z
{
ϕ∗aC
a∂ϕ + h∗a
(
∂¯Ca − h∂Ca + Ca∂h
)
+
(
1
2
B∗a − C¯a
)[
(Ca∂B − B∂Ca) +
1
6
εbd
(
C{a(∂2Cd})Cb − C{a(∂Cd})∂Cb
)]
−C∗a|b
(
εabB +
1
2
C{a∂Cb}
)
+ ϕ¯
(
B∂ϕ +
1
2
εabC
a∂(Cb∂ϕ)
)
+ h¯
(
∂¯B − h∂B +B∂h
)
+
1
2
εabh¯
(
Ca∂
(
∂¯Cb − h∂Cb + Cb∂h
)
+
(
∂¯Cb − h∂Cb + Cb∂h
)
∂Ca
)}
. (3.4)
Obviously, the application of the differential operator ∆a leads to terms being proportional
to δ(0). However, since the model is strictly two-dimensional the dimensional regulariza-
tion is not applicable. Therefore, it is not surprising that the model has an anomaly which
can not be compensated by appropriate counterterms.
Furthermore, a solution of the generating equations determining the gauge-fixing func-
tional X can be represented as
X =
∫
d2z
{
(ϕ¯− αϕ− βh)λ(ϕ) + (h¯− βϕ− γh)λ(h) + B¯λ(B) + C¯aλ
a
(C)
−
α
2
εabπ
a
(ϕ)π
b
(ϕ) − βεabπ
a
(ϕ)π
b
(h) −
γ
2
εabπ
a
(h)π
b
(h)
}
, (3.5)
with α, β and γ being constant parameters. Here, F has been chosen as F (ϕ, h) =∫
d2z
(
1
2
αϕ2 + βϕh+ 1
2
γh2
)
.
The vacuum functional (1.4) corresponding to the solutions (3.4) and (3.5) of the
generating equations that determine the action W in tree approximation and the gauge-
fixing functional X , is invariant under the following transformations of extended BRST
symmetry, expressed (for simplicity) in terms of the derivatives of S:
δφA =
(
πAa −
δS
δφ∗Aa
)
µa,
δϕ∗a = µa
(
δS
δϕ
+ αλ(ϕ) + βλ(h)
)
,
δh∗a = µa
(
δS
δh
+ βλ(ϕ) + γλ(h)
)
,
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δB∗a = µa
δS
δB
,
δC∗a|b = µa
δS
δCb
,
δπAa = εab
(
δS
δφ¯A
− λA
)
µb,
δϕ¯ = µa(ε
abϕ∗b + απ
a
(ϕ) + βπ
a
(h)),
δh¯ = µa(ε
abh∗b + βπ
a
(ϕ) + γπ
a
(h)),
δB¯ = µaε
abB∗b ,
δC¯a = µbε
bdC∗d|a. (3.6)
Substituting the solutions (3.4), (3.5) for the action S and the gauge-fixing functional
X into eq. (1.4), and integrating out the variables φ∗Aa, π
Aa, φ¯A, λ
A, we obtain the vacuum
functional Z as an integral over the fields φA of the complete configuration space,
Z =
∫
dφ exp
{
i
h¯
Seff(φ)
}
, (3.7)
where Seff is the gauge-fixed tree approximation of the quantum action
Seff =
1
2π
∫
d2z
(
∂ϕ∂¯ϕ− h(∂ϕ)2
)
+
∫
d2z
[
(αϕ+ βh)B∂ϕ + (βϕ+ γh)
(
∂¯B − h∂B +B∂h
)]
+
1
2
εab
∫
d2z
[(
αCb∂ϕ + β
(
∂¯Cb − h∂Cb + Cb∂h
) )
Ca∂ϕ− (αϕ+ βh)Ca∂(Cb∂ϕ)
+
(
βCb∂ϕ + γ
(
∂¯Cb − h∂Cb + Cb∂h
) ) (
∂¯Ca − h∂Ca + Ca∂h
)
−(βϕ+ γh)
(
Ca∂
(
∂¯Cb − h∂Cb + Cb∂h
)
+
(
∂¯Cb − h∂Cb + Cb∂h
)
∂Ca
)]
. (3.8)
The quantum action Seff , eq. (3.8), and the integration measure are invariant under the
following (anti)BRST transformations:
δϕ = Ca∂ϕ µa,
δh =
(
∂¯Ca − h∂Ca + Ca∂h
)
µa,
δB =
1
2
(Ca∂B − B∂Ca)µa +
1
12
εbd
(
C{a(∂2Cd})Cb − C{a(∂Cd})∂Cb
)
µa,
δCa =
(
εabB −
1
2
C{a∂Cb}
)
µb. (3.9)
Thus we conclude that eqs. (3.9) realize the transformations of extended BRST sym-
metry in terms of the variables of the complete configuration space. Furthermore, intro-
ducing the action of the (anti)BRST operators sa onto the fields φA according to the rule
δφA = (saφA)µa, one can rewrite the effective action (3.8) in the following compact form:
Seff = Scl +
1
2
εabs
bsaF (ϕ, h), (3.10)
i.e., one obtains the usual effective action of the Sp(2)-covariant approach. The invariance
of Seff under the transformations (3.9) follows by virtue of the (generalized) nilpotency,
s{asb} = 0.
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4. Two-dimensional Gravity with Dynamical Torsion
The theory of two-dimensional gravity with dynamical torsion is described in terms of the
zweibein and Lorentz connection (eiµ, ω
ij
µ = ε
ijωµ) by the action [19]
Scl(e
i
µ, ωµ) =
∫
d2x e
(
1
16α
Rµν
ijRµνij −
1
8β
Tµν
iT µνi − γ
)
, (4.1)
where α, β and γ are constant parameters. In eq. (4.1), the Latin indices are lowered
with the help of the Minkowski metric ηij = diag (+1,−1), and the Greek indices, with
the help of the metric tensor gµν = ηije
i
µe
j
ν . Besides, the following notations are used:
e = det eiµ ,
Rµν
ij = εij∂µων − (µ↔ ν),
Tµν
i = ∂µe
i
ν + ε
ijωµeνj − (µ↔ ν),
where ǫij is a constant antisymmetric tensor, ǫ01 = −1.
Note that the model (4.1) is the most general theory of two-dimensional R2−gravity
with independent dynamical torsion that leads to second-order equations of motion for
the zweibein and Lorentz connection. Thus, supplementing the action eq. (4.1) by the
Einstein–Hilbert term eR would not affect the classical field equations, since in two di-
mensions it reduces to a trivial total divergence.
Originally, the action (4.1) was proposed [34] in the context of bosonic string theory,
where it was used to describe the dynamics of string geometry. There, moreover, it was
proved that the string with dynamical geometry has no critical dimension.
An attractive feature of the model (4.1) is its complete integrability. The correspond-
ing equations of motion have been studied in conformal [19, 35] and light-cone [36] gauges.6
It was established that the model contains solutions with constant curvature and zero tor-
sion, thus incorporating several other two-dimensional gravity models [38] whose actions,
however, do not have a purely geometric interpretation.
The action (4.1) is invariant under local Lorentz rotations of the zweibein eiµ, which
infinitesimally imples the gauge transformations
δζe
i
µ = ε
ijeµjζ, δζωµ = −∂µζ, (4.2)
with the parameter ζ . Similarly, the general coordinate invariance of eq. (4.1) leads to
the gauge transformations
δξe
i
µ = e
i
ν∂µξ
ν + (∂νe
i
µ)ξ
ν , δξωµ = ων∂µξ
ν + (∂νωµ)ξ
ν (4.3)
with the parameters ξµ. The gauge transformations (4.2) and (4.3) form a closed algebra
[δζ(1), δζ(2)] = 0 ,
[δξ(1), δξ(2)] = δξ(1,2) , (4.4)
[δζ , δξ] = δζ′ ,
where
ξµ(1,2) = (∂νξ
µ
(1))ξ
ν
(2) − (∂νξ
µ
(2))ξ
ν
(1) , ζ
′
= (∂µζ)ξ
µ.
6A convenient general framework for the study of this and other two-dimensional theories is also
provided by the Poisson-σ model approach [37].
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Note that in Ref. [39] a gauge model classically equivalent to (4.1), (4.2), (4.3) and
(4.4) was proposed by means of artificially adding the Einstein–Hilbert term coupled to
an additional scalar field, σeR; however, in this equivalent formulation the algebra of the
corresponding gauge transformations closes only on-shell.
The Hamiltonian structure of the gauge symmetries of the original model was studied
in Ref. [40], and its canonical quantization, in Ref. [41]. Quantum properties of the
model in the light-cone gauge were discussed in Ref. [42], proving also, despite of the
nonpolynomial structure of the theory, its renormalizability. Its quantization within the
Sp(2) covariant approach has been considered in Refs. [43].
Now, we consider the gauge model (4.1), (4.2), (4.3) and (4.4) in the framework of the
modified triplectic formalism [6].
The complete configuration space φA, constructed by the rules of the Sp(2) covariant
quantization of irreducible theories, consists of the initial classical fields (eiµ, ωµ), the
doublets of the Faddeev–Popov ghosts (Ca, Cµa) and the Lagrangian multipliers (B, Bµ)
introduced according to the number of the gauge parameters in eqs. (4.2) and (4.3), i.e.,
ζ and ξµ, respectively. The Grassmann parities of the fields φA,
φA = (eiµ, ωµ; B, B
µ; Ca, Cµa),
are given by
ε(eiµ) = ε(ωµ) = ε(B) = ε(B
µ) = 0, ε(Ca) = ε(Cµa) = 1.
The fields φA of the complete configuration space are supplemented by the following
sets of the variables φ∗Aa, π
Aa, φ¯A and λ
A:
φ∗Aa = (e
∗µ
ia , ω
∗µ
a ; B
∗
a, B
∗
µa; C
∗
a|b, C
∗
µa|b),
πAa = (πia(e)µ, π
a
(ω)µ; π
a
(B), π
µa
(B); π
a|b
(C), π
µa|b
(C) ),
φ¯A = (e¯
µ
i , ω¯
µ; B¯, B¯µ; C¯a, C¯µa),
λA = (λi(e)µ, λ(ω)µ; λ(B), λ
µ
(B); λ
a
(C), λ
µa
(C)).
Again, we are faced with the problem that the model is stricly two-dimensional and,
therefore, the regularization by setting δ(0) = 0 will not be applicable. A functional that
satisfies the generating equations (1.1) for the classical action S in this case of the gauge
model (4.1), (4.2), (4.3) and (4.4) can be found in a closed form as follows:
S =
∫
d2x e
(
1
16α
Rµν
ijRµνij −
1
8β
Tµν
iT µνi − γ
)
+
∫
d2x
{
e∗µia
(
εijeµjC
a + Cλa∂λe
i
µ + e
i
λ∂µC
λa
)
+ ω∗µa
(
−∂µC
a + Cλa∂λωµ + ωλ∂µC
λa
)
+
(
1
2B
∗
a − C¯a
)[
Cµa∂µB −B
µ∂µC
a +
1
6
εbd
(
Cλb∂λ(C
µ{a∂µC
d})− (Cµ{a∂µC
λd})∂λC
b
) ]
+
(
1
2
B∗µa−C¯µa
)[
Cλa∂λB
µ−Bλ∂λC
µa+ 1
6
εbd
[
Cσb∂σ(C
λ{a∂λC
µd})−(Cλ{a∂λC
σd})∂σC
µb
] ]
−C∗a|b
(
εabB + 12C
µ{a∂µC
b}
)
− C∗µa|b
(
εabBµ + 12C
λ{a∂λC
µb}
)
+e¯µi
[
εijBeµj +B
λ∂λe
i
µ + e
i
λ∂µB
λ + 1
2
εab
((
eiµC
b + εijCλb∂λeµj + ε
ijeλj∂µC
λb
)
Ca
−Cλa∂λ
(
εijeµjC
b + Cσb∂σe
i
µ + e
i
σ∂µC
σb
)
+
(
εijeλjC
b + (∂σe
i
λ)C
σb + eiσ∂λC
σb
)
∂µC
λa
)]
+ω¯µ
[
− ∂µB +B
λ∂λωµ + ωλ∂µB
λ − 1
2
εab
(
Cλa∂λ
(
Cσb∂σωµ + ωσ∂µC
σb − ∂µC
b
)
−
(
Cσb∂σωλ + ωσ∂λC
σb − ∂λC
b
)
∂µC
λa
)]}
. (4.5)
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A solution of the generating equations determining the gauge-fixing functional X can
be chosen as
X =
∫
d2x
{(
e¯µi − pη
µνηije
j
ν
)
λi(e)µ +
(
ω¯µ − qηµνων
)
λ(ω)µ + B¯λ(B) + B¯µλ
µ
(B)
+C¯aλ
a
(C) + C¯µaλ
µa
(C) −
p
2
εabηijη
µνπia(e)µπ
jb
(e)ν −
q
2
εabη
µνπa(ω)µπ
b
(ω)ν
}
, (4.6)
where F (eiµ, ωµ) =
1
2
∫
d2x
(
pηµνηije
i
µe
j
ν + qη
µνωµων
)
has been used with p, q being con-
stant parameters, and ηµν = diag(+1,−1) is the metric of the two-dimensional Minkowski
space.
Again, the vacuum functional Z is obtained by substituting the explicit solutions
for the tree action S, eq. (4.5), and the gauge-fixing functional X , eq. (4.6), into the
expression eq. (1.4). The symmetry transformations (1.6) will not be given explicitly;
their determination is straightforward but the result is quite lenghty.
Performing the integration over the variables φ∗Aa, π
Aa, φ¯A and λ
A, we obtain Z in the
form (3.7) with the gauge-fixed effective action Seff ,
Seff =
∫
d2x e
(
1
16α
Rµν
ijRµνij −
1
8β
Tµν
iT µνi − γ
)
(4.7)
+
∫
d2x
{
pηµνeµi
(
εijeνjB + e
i
λ∂νB
λ +Bλ∂λe
i
ν
)
+qηµνωµ
(
ωλ∂νB
λ +Bλ∂λων − ∂νB
)}
+
1
2
εab
{
pηijη
µν
(
εikeνkC
b + eiλ∂νC
λb + Cλb∂λe
i
ν
)(
εjleµlC
a + ejσ∂µC
σa + Cσa∂σe
j
µ
)
+ pηµνηije
j
ν
[(
eiµC
b + εikeλk∂µC
λb + εikCλb∂λeµk
)
Ca
+
(
εikeλkC
b + eiσ∂λC
σb + Cσb∂σe
i
λ
)
∂µC
λa − Cλa∂λ
(
εikeµkC
b + eiσ∂µC
σb + Cσb∂σe
i
µ
)]
+ qηµν
(
ωλ∂νC
λb+Cλb∂λων−∂νC
b
)(
ωσ∂µC
σa+Cσa∂σωµ−∂µC
a
)
− qηµνων
[
Cλa∂λ
(
ωσ∂µC
σb+Cσb∂σωµ−∂µC
b
)
−
(
ωσ∂λC
σb+Cσb∂σωλ−∂λC
b
)
∂µC
λa
]}
.
The effective action Seff is invariant under the following transformations:
δeiσ =
(
εijeσjC
a + Cλa∂λe
i
σ + e
i
λ∂σC
λa
)
µa,
δωσ =
(
−∂σC
a + Cλa∂λωσ + ωλ∂σC
λa
)
µa,
δB = 1
2
(
Cσa∂σB −B
σ∂σC
a + 1
6
εbd(C
σb∂σ(C
λ{a∂λC
d})− (Cλ{a∂λC
σd})∂σC
b
)
µa,
δBσ = 12
(
Cλa∂λB
σ − Bλ∂λC
σa + 16εbd(C
λb∂λ(C
ρ{a∂ρC
σd})− (Cρ{a∂ρC
λd})∂λC
σb
)
µa,
δCa =
(
εabB − 12C
σ{a∂σC
b}
)
µb,
δCσa =
(
εabBσ − 12C
λ{a∂λC
σb}
)
µb. (4.8)
which, consequently, realize the transformations of extended BRST symmetry in terms
of the variables φA of the complete configuration space. Again, the effective action, using
the corresponding (anti)BRST operators, can be written in a compact form:
Seff = Scl +
1
2
εabs
bsaF (eiµ, ωµ), (4.9)
which coincides with the effective action in the Sp(2)-covariant approach [43]. (In com-
parision with that reference some misprints have been removed in eqs. (4.7)).
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5. Conclusion
In this paper we have exemplified the method of modified triplectic quantization [6] on
the basis of several gauge theory models. Thus, we have considered the model [17] of
non-abelian antisymmetric tensor field (Freedman–Townsend model), the model [18] of
W2−gravity, and the model [19] of two-dimensional gravity with dynamical torsion. For
these models we have found explicit solutions of the generating equations that determine
the (tree approximation of the) quantum action W and the gauge-fixing functional X in
the framework of the modified triplectic formalism [6]. In the case of the 2-dimensional
models we did not determine possible anomalies which occure if loop correction are taken
into account.
The above solutions are expressed in terms of the variables φA, φ∗Aa and π
Aa, φ¯A
anticanonically conjugated in the sense of the extended antibrackets [2, 6], as well as in
terms of the additional variables λA that serve to parametrize the gauge-fixing functional
X . However, it should be remarked that by the special choice of both the action functional
and of the gauge fixing functional triplecticity of the formalism is reduced, in fact, to the
usual case of the Sp(2)-covariant quantization.
Using the solutions for S andX , we have obtained the vacuum functional and explicitly
constructed the corresponding transformations [6] of extended BRST symmetry in terms
of the anticanonically conjugated variables. Finally, we have obtained manifest Sp(2)-
symmetric expressions for the effective action Seff that result from integrating out the
variables φ∗Aa, π
Aa, φ¯A and λ
A in the functional integral, and we have constructed the
corresponding transformations (1.6) of extended BRST symmetry in terms of the variables
φA of the complete configuration space. In the case of the irreducible theories [18, 19], the
resulting actions Seff have been represented in a compact form, expressing the gauge-fixed
part in terms of (anti)BRST variations. In any case we finally obtained a Sp(2)-symmetric
action which is invariant under BRST and antiBRST transformations. In the case of
irreducible theories we were able to write down the gauge fixing part in a very simple
manner. In the case of the first-stage reducible FT model the situation occured much more
difficult. Especially the dependence of the corresponding (anti)BRST transformation for
the classical H-field on the gauge parameter α deserves further study.
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Appendix
Here, we prove the representation (2.8) – (2.10) for the vacuum functional in the
Freedman–Townsend model (2.1) – (2.3). To this end, we consider the vacuum functional
(1.4) with S and X given by eqs. (2.5) and (2.6), respectively. Integrating in eq. (1.4)
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over λA and φ¯A leads to the replacement
A¯µ = B¯µ = B¯a = C¯ab = 0, H¯µν =
α
2
Hµν , C¯µa = βεabC
b
µ.
Integrating over the variables πAa and the antifields φ∗Aa, except H
∗
µνa and C
∗
µa|b, with the
subsequent replacements
B∗µa = C
∗
a|bc = 0,
leads to
Z =
∫
dφ dH∗µνadC
∗
µa|b exp
{
i
h¯
S˜(φ,H∗, C∗)
}
, (A.1)
with
S˜ = Scl +
∫
d4x
{
H∗µνa(D
µCνa −DνCµa)− εabC∗µa|bB
µ −
α
2
Hµν(D
µBν −DνBµ)
+ C∗µa|bD
µCab + βεabC
b
µD
µBa +
1
2
εµνρσ(H∗µνa ∧H
∗
ρσb)C
ab +
α
4
εµνρσH∗µνa(Hρσ ∧ B
a)
}
+
∫
d4x
{
1
α
H∗µνaH
∗µν
b ε
ab +
1
2β
C∗µa|bC
∗µ
c|dε
acεbd
}
,
where Scl is the classical action (2.1) of the Freedman–Townsend model.
Let us represent Z in eq. (A.1) as
Z =
∫
dφ exp
{
i
h¯
Seff(φ)
}
, (A.2)
where
exp
{
i
h¯
Seff
}
=
∫
dH∗µνadC
∗
µa|b exp
{
i
h¯
S˜(φ,H∗, C∗)
}
. (A.3)
It is convenient to rewrite eq. (A.3) in the form
exp
{
i
h¯
Seff
}
= C ·H exp
{
i
h¯
[
S0 +
∫
d4x
(
−αBµνD
µBν + βεabC
b
µD
µBa
)]}
, (A.4)
with C and H being integrals over C∗µa|b and H
∗
µνa, respectively,
C =
∫
dC∗µa|b exp
{
i
h¯
∫
d4x
(
C∗µa|b
(
DµCab − εabBµ
)
+
1
2β
C∗µa|bC
∗µ
c|dε
acεbd
)}
,
H =
∫
dH∗µνa exp
{
i
h¯
∫
d4x
(
H∗µνaG
µνa +
1
α
H∗µνaH
∗µν
b ε
ab +
1
2
εµνρσ(H∗µνa ∧H
∗
ρσb)C
ab
)}
,
(A.5)
where the object Gaµν is given by eq. (2.11).
The integral C in eq. (A.5) is Gaussian and can be easily calculated,
C = exp
{
−
i
h¯
∫
d4x
(
βBµB
µ +
β
2
εabεcd(DµC
ac)(DµCbd)
)}
. (A.6)
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In order to calculate H in eq. (A.5), we use the decompositions
H∗µνa = (H
∗
oia, H
∗
ia) , H
∗
ia ≡
1
2
εoijkH
∗jk
a ,
Gaµν = (G
a
oi, G
a
i ) , G
a
i ≡
1
2
εoijkG
jka (A.7)
and the following relations:
H∗µνaG
µνa = 2(H∗oiaG
oia −H∗iaG
ia),
εabH∗µνaH
∗µν
b = 2ε
ab(H∗oiaH
∗oi
b −H
∗
iaB
∗i
b ),
1
2
εµνρσ(H∗µνa ∧H
∗
ρσb)C
ab = 4(H∗oia ∧H
∗i
b )C
ab.
Integrating out the components H∗ia allows to represent H in eq. (A.5) as
H =
∫
dh∗ia exp
{
i
h¯
∫
d4x
(
1
2α
h∗iah
∗i
b ε
ab + h∗iaG
oia
−
α
2
εab(G
a
i − h
∗
ic ∧ C
ac)(Gib − h∗id ∧ C
bd)
)}
, (A.8)
where, for brevity, we denote h∗ia ≡ 2H
∗
oia.
Let us further rewrite H in eq. (A.8) as
H =
∫
dh∗ia exp
{
i
h¯
∫
d4x
(
−
α
2
εabG
a
iG
ib + h∗iaG¯
ia +
1
2α
h∗iaM
abh∗ib
)}
, (A.9)
where
G¯ai ≡ G
a
0i + αC
a
bG
b
i , (A.10)
and the objects Cab , M
ab are given by eqs. (2.12), (2.13). From the definitions (2.12) and
(2.13) follow the algebraic properties
(CabF )G = −F (C
a
bG), ε
acCbc = −C
a
c ε
cb, Ccaεcb = −εacC
c
b ,
MacCbc = −C
a
cM
cb, M−1ac C
c
b = −C
c
aM
−1
cb , (A.11)
where F ≡ F p, G ≡ Gp are arbitrary objects carrying the gauge indices p, and the matrix
M−1ab is the inverse of M
ab as defined in eq. (2.12).
Integrating in eq. (A.9) over h∗ia leads to
H = exp
{
i
h¯
Y
} ∫
dh∗ia exp
{
i
2αh¯
∫
d4x h∗iaM
abh∗ib
}
, (A.12)
where
Y =
∫
d4x
{
α
2
G¯aiM
−1
ab G¯
ib −
α
2
GaiG
ibεab
}
≡
∫
d4xY . (A.13)
By virtue of the definition (A.10), the integrand Y in eq. (A.13) takes the form
Y =
α
2
Ga0iM
−1
ab G
oib −
α
2
εabG
a
iG
ib +
α2
2
Ga0iM
−1
ab C
b
cG
ic
+
α2
2
CacG
c
iM
−1
ab G
oib +
α3
2
CacG
c
iM
−1
ab C
b
dG
id. (A.14)
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From the algebraic properties (A.11) it follows that
CacG
c
iM
−1
ab G
oib = −GciC
a
cM
−1
ab G
oib = GciM
−1
ca C
a
bG
oib. (A.15)
Similarly we have
CacG
c
iM
−1
ab C
b
dG
id = −GciC
a
cM
−1
ab C
b
dG
id = GciM
−1
ca C
a
b C
b
dG
id. (A.16)
Note further that the combination Cab C
b
d in eq. (A.16) can be represented as
Cab C
b
d =
1
α2
(Mab − εab)εbd. (A.17)
Indeed, by virtue of the property Ccaεcb = −εacC
c
b in eq. (A.11), we have
Cac C
c
b = C
a
c C
d
b δ
c
d = C
a
c C
d
b ε
cpεpd = ε
cpCac C
d
b εpd = −ε
cpCac C
d
pεdb, (A.18)
which is equivalent to (A.17) with allowance for the definition Mab ≡ εab − α2εcdCac C
b
d.
Using eqs. (A.15) – (A.17) and the fact that MacM−1cb = δ
a
b , we find that eq. (A.14)
becomes
Y =
α
2
(
Ga0iM
−1
ab G
oib −GaiM
−1
ab G
ib
)
+
α2
2
(
Ga0iM
−1
ab C
b
cG
ic +GaiM
−1
ab C
b
cG
0ic
)
,
which can be represented in a manifestly covariant form
Y =
α
4
GaµνM
−1
ab G
µνb +
α2
8
εµνρσGaµνM
−1
ab C
b
cG
c
ρσ. (A.19)
From eq. (A.19) it follows that H in eq. (A.12) is given by
H = ∆exp
{
αi
4h¯
∫
d4xGaµνM
−1
ab
(
1
2
δbc(η
µρηνσ − ηµσηνρ) +
α
2
εµνρσCbc
)
Gcρσ
}
, (A.20)
where ∆ denotes the integral over h∗ia in eq. (A.12) and coincides with the corresponding
object introduced in eq. (2.10).
Collecting eqs. (A.4), (A.6) and (A.20), we conclude that the vacuum functional (A.2)
for the Freedman–Townsend model coincides with the representation (2.8) – (2.10).
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